Introduction
A central topic in 3-manifold theory is concerned with a manifold's finitesheeted covering spaces. The majority of effort in this field was initially focused on 3-manifolds that are finitely covered by manifolds that are well understood, in the hope that this would provide illuminating information about the original manifold. There are a number of excellent theorems in this direction, for example, the result due to Gabai, Meyerhoff and N. Thurston [5] that virtually hyperbolic 3-manifolds are hyperbolic. Attention has now turned to proving that hyperbolic 3-manifolds always have finite covers with 'nice' properties. The central unresolved question in this direction is the Virtually Haken Conjecture which proposes that any closed hyperbolic 3-manifold should be finitely covered by a Haken 3-manifold.
There are even stronger versions of this conjecture, but they all remain wide open at present.
There are other questions about finite-sheeted covering spaces that arise naturally. A key one is: how many finite-sheeted covering spaces does a 3-manifold have, as a function of the covering degree? The answer is not known in general, not even asymptotically. This question fits naturally into an emerging area of group theory, which deals with 'subgroup growth'. This addresses the possible growth rates for the number of finite index subgroups of a group, as a function of their index. Linear groups play a central rôle in this theory, particularly lattices in Lie groups. However, discrete subgroups of PSL(2, C) or equivalently the fundamental groups of orientable hyperbolic 3-orbifolds, remain poorly understood.
There are other natural questions that can be asked, which focus on the asymptotic behaviour of various properties of the finite-sheeted covering spaces.
For example, one might wish to examine how the following quantities can grow, as a function of the covering degree: the rank of the fundamental group, the rank and order of the first homology, the Heegaard genus, the Cheeger constant and the first eigenvalue of the Laplacian. Indeed, a good understanding of these quantities is likely to lead to progress on the Virtually Haken Conjecture, by work of the author in [6] .
The main tenet of this paper is that 3-orbifolds with non-empty singular locus form a more tractable class than 3-manifolds, when one is considering finitesheeted covering spaces. In particular, for discrete subgroups of PSL(2, C), it is those with torsion that we can analyse most successfully.
Our first and central result is the following. It deals with d p ( · ). This is defined to be the dimension of H 1 ( · ; F p ), where F p is the field of prime p order, and · is either a group or a topological space. We say that a collection {G i } of finite-index subgroups of a finitely generated group G has linear growth of A slightly stronger version of the main part of this theorem is as follows.
Theorem 1.2. Any finitely generated, discrete, non-elementary subgroup of

PSL(2, C) with torsion has a nested sequence of finite index subgroups with linear
growth of p-homology for some prime p.
Linear growth of p-homology is a strong conclusion, with several interesting consequences. For example, one can use it to find good lower bounds on the subgroup growth of the fundamental group of a 3-orbifold. The subgroup growth function s n (G), for a finitely generated group G, is defined to be the number of subgroups with index at most n. Of course, when O is an orbifold, s n (π 1 (O)) simply counts the number of covering spaces of O (with given basepoint) with degree at most n. It is said to have polynomial growth if there is some constant c such that s n (G) ≤ n c for each n. It has at least exponential growth if there is some constant c > 1 such that s n (G) ≥ c n for each n. Note that this is quite a strong form of exponential growth: many authors just insist that s n (G) ≥ c n for infinitely many n.
Recall that an orbifold O is geometric if its interior is a quotient X/G, where In fact, our techniques provide quite precise information about the number of subnormal subgroups of π 1 (O). For a finitely generated group G, the number of subnormal subgroups of G with index at most n is denoted s ⊳⊳ n (G). It is known that s ⊳⊳ n (G) always grows at most exponentially (Theorem 2.3 of [15] This is related to a proposed approach to the Virtually Haken Conjecture, which arises from the following theorem of the author [6] . (The theorem below is not stated precisely this way in [6] , but this version is an immediate consequence of Theorem 1.4 of [6] .) Theorem 1.6. Let M be a closed orientable irreducible 3-manifold, and let Property (τ ), referred to in the above theorem, is an important concept from group theory, with links to many areas of mathematics, including representation theory, graph theory and differential geometry [11] . Lubotzky and Sarnak [12] conjectured that a closed hyperbolic 3-manifold M should always have a sequence Indeed, the following recent theorem of the author would provide a much stronger conclusion. Recall that a group is large if it has a finite index subgroup that admits a surjective homomorphism onto a non-abelian free group. This is, in fact, a slightly abbreviated and slightly weaker version of the main theorem (Theorem 1.1) of [8] . Set G to be π 1 (O) and let G i be π 1 (O i ), where The point is that the pro-p completion of G has a pro-p presentation with d p (G) generators and (|R| − |X| + d p (G)) relations. Thus, the condition in the GS-τ Conjecture asserts that the Golod-Shafarevich inequality does not hold for this pro-p presentation. The theory of such pro-p groups is advanced and there is some hope that it may be applied and developed to prove this conjecture. Indeed, the Golod-Shafarevich inequality will play a central rôle in this paper.
We will show that the following is a consequence of Theorems 1.1 and 1.7. Indeed, Theorems 1.1 and 1.3 are already pointing in this direction. This is because linear growth of p-homology for some nested sequence of finite-index subgroups and (at least) exponential subgroup growth are both strong properties of a group, which are enjoyed when the group is large.
It is worth pointing out that the GS-τ Conjecture is not the only possible approach to Conjecture 1.10. Another possible route, explained in [8] , is via error-correcting codes.
Another piece of evidence for Conjecture 1.10 comes from work of the author in [7] . There, a sequence of results about 3-orbifolds is established, one of which is the following. 
Of course, Conjecture 1.10 is weaker than the old conjecture that the fundamental group of any closed hyperbolic 3-manifold is large, because any closed hyperbolic 3-orbifold is finitely covered by a hyperbolic 3-manifold, by Selberg's theorem. But the main purpose of this paper is to demonstrate that covering spaces of 3-orbifolds with non-empty singular locus are more tractable than the manifold case, and so there is some chance that Conjecture 1.10 may be more likely to be true.
The slightly stronger version of Theorem 1.7 that appears in [8] has the following consequence. (See [8] for an explanation of this deduction.) Another important class of 3-manifolds to which one may apply these results are arithmetic hyperbolic 3-manifolds. The following striking theorem is due to
Reid, and appears in [9] . In this paper, we assume some familiarity with the basic theory of orbifolds.
In particular, we take as given the following terminology: singular locus, covering space, fundamental group. For an explanation of these terms and introduction to orbifolds, we suggest [3] and [17] as helpful references.
Covering spaces without vertices
The main focus of this paper will be 3-orbifolds that admit a hyperbolic structure and that have non-empty singular locus. It turns out that it is easiest to deal with 3-orbifolds that have singular locus containing no vertices. Our goal in this section is to show that one can always arrange this to be the case, by first passing to a finite-sheeted cover. 
Proof. Since O is hyperbolic, its fundamental group is realised as a subgroup G of PSL(2, C). By Selberg's theorem, G has a finite index normal subgroup K that is torsion free. Let M be the regular covering space of O corresponding to K; this is a manifold. Let µ be an element of G that has finite order. We may choose µ so that it has order p. We claim that the covering spaceÕ of O corresponding to K µ has non-empty singular locus that contains no vertices. Since K is normal in G, it is also normal in K µ . So, M →Õ is a regular cover, with covering group K µ /K, which is cyclic of order p. Hence,Õ is the quotient of M by a finite order orientation-preserving diffeomorphism. The singular locus ofÕ is therefore a 1-manifold: it has no vertices. It is non-empty, because the fundamental group ofÕ, namely K µ , contains µ which has finite order. Since the order of the diffeomorphism is p, which is prime, the order of every component of the singular locus is p.
We now introduce some convenient terminology. If p is a prime and O is a 3-orbifold, then we let sing c p (O) denote those simple closed curve components of the singular locus of O with singularity order that is a multiple of p.
Covering spaces with large mod p homology
The goal of this section is to prove the following result. 
The proof of this requires three theorems, which we quote. The first is a con- 
The subgroups provided by this theorem need not be normal, and so more work is necessary before Theorem 3.2 can be proved. The second result we quote can be found in [14] .
Theorem 3.4. Let G be a finitely generated group, let p be a prime and letĜ (p) be the pro-p completion of G. Then the following are equivalent: The relationship between p-adic analytic pro-p groups and 3-manifolds can be seen in the following result, which is due to Lubotzky [10] .
Theorem 3.5. Let M be a compact orientable 3-manifold and let p be a prime.
The following is elementary and fairly well known.
Proposition 3.6. Let G be a finitely generated group, and let K be a normal
, which is the subgroup generated by the commutators and p th powers of G. Define K ′ similarly. Consider the exact sequence
′ that maps to a generating set for G/KG ′ , together with a generating set for KG ′ /G ′ , forms a generating set for G/G ′ . Hence, writing d( ) for the minimal number of generators for a group, 
. This is the intersection of two normal subgroups of π 1 (M ) and so is normal in π 1 (M ).
. There are only finitely many such subgroups and hence their d p is uniformly bounded above. So,
which is a subgroup of π 1 (M )/π 1 (M i ). This is a finite p-group, and hence so is is large (more than 10p will suffice). LetÕ ′ be the regular covering space of O corresponding to this subgroup.
If µ n lies in K, then we setÕ to beÕ ′ . Note that sing c p (Õ) is non-empty because the inverse image of C inÕ contains at least one singular component such that p divides its singularity order, as µ n lies in K.
So, suppose that µ n does not lie in K. We will consider the covering spacẽ O corresponding to the subgroup K µ n . Note that again sing c p (Õ) is non-empty. Note also thatÕ ′ →Õ has degree equal to the order of K µ n /K, which is p.
We want to show that, when d p (K) is large, then so is d p (K µ n ). In particular,
. This is an immediate consequence of the following well known proposition (setting H = K µ n ).
Proposition 3.7. Let H be a finitely generated group, and let K be a subnormal subgroup with index a power of a prime p. Then
Proof. By a straightforward induction, we may reduce to the case where K is a
in H, and hence K ′ is normal in H. Thus, H/K ′ is a finite p-group. It is a well known fact that any finite p-group has a generating set with size equal to the dimension of its first homology with F p -coefficients, in this case 
Linear growth of the number of singular components
We now come to the central result of this paper, from which all later analysis of hyperbolic 3-orbifolds will follow.
Theorem 4.1. Let O be a compact orientable 3-orbifold, with boundary a (possibly empty) union of tori, and with singular locus that is a link. Let p be a prime that divides the order of a component C of the singular locus, and let
(ii) each G i+1 is normal in G i and has index p; and (iii) infinitely many G i are normal in π 1 (O) and have index a power of p.
The significance of this theorem comes from the following proposition. (∂N (C) ). Then |sing
Proof. The condition that π 1 (Õ) contains the subgroup of π 1 (O) normally generated by π 1 (∂N (C) ) forces the inverse image of ∂N (C) inÕ to be a disjoint union of copies of ∂N (C). Each copy bounds a component of sing c p (Õ).
We will also need the following key fact, which will be used both in the proof of Theorem 4.1 and in its applications later. We therefore obtain the required inequality.
We will need the following well known theorem. It deals with groups Γ whose pro-p completion has a (minimal) presentation that does not satisfy the GolodShafarevich condition. 
Theorem 4.4. Let X|R be a finite presentation of a group Γ, and let p be a prime. Suppose that
d p (Γ) 2 /4 > |R| − |X| + d p (Γ).
Then Γ has an infinite nested sequence of subgroups
Note that the second and third inequalities hold because x 2 /4 − 2x − 2 is an increasing function of x when x ≥ 4. So, by Theorem 4.4, Γ has an infinite nested sequence of subgroups Γ = Γ 1 ≥ Γ 2 ≥ . . ., where each Γ i+1 is normal in Γ i and has index p. Furthermore, infinitely many Γ i are normal in Γ. These pull back to
give the required subgroups of π 1 (O).
Growth of homology and subgroup growth
We can now prove the main theorem stated in the introduction. We now show how to find another such sequence of covers consisting of manifolds. Now, O i has a manifold cover M i corresponding to the subgroup
. This is a regular cover, with degree equal to [π 1 (O i ) :
, which is cyclic of order p. The fact that {π 1 (M i )} has linear growth of p-homology is a consequence of Proposition 3.6 (letting
. Conclusions (ii) and (iii) of Theorem 1.1 apply to the sequence {M i } because they apply to {O i }.
Suppose now that O has non-empty boundary. By Selberg's theorem, we may pass to a finite-sheeted regular manifold cover M . By a result of Cooper,
Long and Reid (Theorem 1.3 of [4] , see also [7] , [2] and [16] ), π 1 (M ) is large: it has a finite-index normal subgroup that admits a surjective homomorphism onto a free non-abelian group F . Let O 1 be the covering space corresponding to this subgroup. Now, F has a nested sequence of finite-index subgroups {F i } with linear growth of p-homology. We may ensure that each F i+1 is normal in F i with index p, that F 1 = F , and that infinitely many F i are normal in F . The inverse image of these subgroups in π 1 (O) correspond to the required covering spaces O i of O.
A slight extension of Theorem 1.1 is the following. We are now in a position to prove Theorem 1.3 in the hyperbolic case. 
Proof (hyperbolic case). Let
Proof. We are assuming that inf
Hence, the number of normal subgroups of G i with index p is at least
This is a lower bound for the number of subgroups of G with index
We need to find a lower bound on s n (G) for arbitrary positive integers n. This is where we use the assumption that [G i : G i+1 ] is bounded above by some constant k. Thus, if we let [[n] ] denote the largest integer less than or equal to n of the form p[G :
Thus, G has at least exponential subgroup growth. In the case where each G i is subnormal in G, the subgroups we are counting here are also subnormal, and so G then has exponential subnormal subgroup growth.
Remark. One might be tempted to think that Theorem 1.3 may be strengthened,
because its proof appears to be quite wasteful in the way it counts subgroups. In We would now like to establish the following result, which is a stronger version of Theorem 1.3. We will first prove it in the case where the orbifold admits a finite volume hyperbolic structure. The remaining seven geometries will be dealt with in the final chapter. We will need the following lemma. Proof. An obvious induction allows us to reduce to the case where H is normal 
. Hence, by Proposition 3.6, there is a uniform upper bound on 
According to Theorem 3.1, there is a finite regular coverÕ
We therefore have the chain of subgroups
We claim that this sequence has linear growth of p-homology. Now, by The-
and has finite index. By Proposition 2.1,
and has finite index. Hence,
and has finite index. Therefore,
and has finite index. Applying Lemma 5.3 (with G = π 1 (O ′′ ) and (∂N (C) ) be the subgroup of 
Manifolds commensurable with hyperbolic 3-orbifolds
In this section, we consider manifolds M that are commensurable with a hyperbolic 3-orbifold O with non-empty singular locus. The aim is prove that many of the properties we have deduced for O also hold for M . In particular, our goal is to prove Theorem 1.14. by Theorem 1.12 (with G = π 1 (M 1 )), we may arrange that, in addition, this sequence of subgroups has Property (τ ).
Geometric non-hyperbolic 3-orbifolds
In this section, we study compact orientable 3-orbifolds O that admit a geometric structure other than hyperbolic. Our goal is to prove Theorem 5.2 (and hence Theorem 1.3) in this cases.
Note first that any compact geometric 3-orbifold is very good: it admits a finite-sheeted manifold cover (Corollary 2.27 of [3] ). We start by considering orbifolds that admit a geometry based on H 2 × E or P SL 2 (R), but which do not admit any of the remaining 6 geometries. Pass to a finite-sheeted manifold cover M . Then, M is Seifert fibred, and the base orbifold is hyperbolic. The base orbifold therefore admits a finite-sheeted cover that is an orientable surface S with negative Euler characterstic. This pulls back to give a finite coveringM → M . Now, the Seifert fibration induces a surjective homomorphism π 1 (M ) → π 1 (S), and π 1 (S) admits a surjective homomorphism onto Z * Z. Therefore, π 1 (O) is large. In particular, its subgroup growth and subnormal subgroup growth are (at least) exponential.
Suppose now that the orbifold admits a geometry based on S 3 , E 3 , S 2 ×E, Nil or Sol geometry. Any 3-orbifold modelled on spherical geometry clearly has finite fundamental group, and hence its subgroup growth is trivially polynomial. When the model geometry is E 3 , Nil or Sol, the orbifold is finitely covered by a torus bundle over the circle. Hence, its fundamental group G has a chain of subgroups
where |G/G 0 | is finite and G i /G i+1 ∼ = Z. It is a well-known fact, which is easy to prove (see Corollary 1.4.3 of [15] for example), that this implies that G has polynomial subgroup growth. The same argument allows us to deal with orbifolds modelled on S 2 × E geometry. Thus, this proves Theorem 5.2 for compact orientable 3-orbifolds that admit a non-hyperbolic geometry.
In the cases above where the subgroup growth of the fundamental group G is polynomial, it is natural to enquire about the degree of this growth. This is defined to be α(G) = lim sup n log s n (G) log n .
The determination of this quantity is likely to be a tractable problem, but it is by no means trivial. We merely mention here a few remarks about it.
It can be shown (Proposition 5.6.5 of [15] ) that α(G) ≤ h(G) + 1, where h(G)
is the Hirsch length of G. This is defined to be the integer n in the sequence (1) above. In all the cases G we considered, h(G) is at most 3, and therefore α(G) is at most 4.
Our second note is that α(G) is not necessarily unchanged on passing to a finite index subgroup H. It can be shown (Proposition 5.6.4 of [15] ) that α(H) lies between α(G) and α(G) + 1. It is slightly surprising to note that the upper bound is sometimes realised. For example, when G is the infinite dihedral group, α(G) = 2, but G contains Z as an index two normal subgroup, and α(Z) = 1.
It is clear that the degree of polynomial subgroup growth for these 3-orbifold groups is worthy of further investigation.
